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Abstract. We show in this paper that the correspondence between 2-term represen- 
tations up to homotopy and VB-algebroids, established in |8], holds also at the level of 
morphisms, proving in particular that such correspondence is an equivalence of categories. 
As an application we study the relationship between IM-foliations on a Lie algebroid A 
|10l (the infinitesimal notion of ideal systems 1111 ) and subrepresentations of the adjoint 
representation of A. 
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1. Introduction 

In the context of Lie groupoid theory, there are some geometric structure of wide interest 
(e.g. symplectic and Poisson structures). The compatibility of these structures with the 
groupoid multiplication can be described infinitesimally as morphisms between special kinds 
of Lie algebroids called VS-algebroids [3 [14] . In this work, we build on [8] to study VB- 
algebroid morphisms within the framework of representations up to homotopy [1] . 

Roughly, a VS-algebroid is a Lie algebroid object in the category of vector bundles. 
One particularly important example of a V;B-algebroid is the tangent prolongation {TA — ^ 
TM;A -> Af ) of a Lie algebroid A-^ M. 

It was shown in [5] that isomorphism classes of VB-algebroids correspond to isomorphism 
classes of representations up to homotopy on 2-term graded vector bundles [1]. Under this 
correspondence, the tangent prolongation corresponds to the adjoint representation. In 
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this work, we refine [8] by showing that morphisms between VS-algcbroids correspond to 
morphisms between the associated representations (see Theorem 14. lip . It turns out that, 
the correspondence in [8] is an equivalence of categories. As a direct consequence, one can 
re-interpret IM-2-fornis [5] and Lie bialgebroids [T^] as morphisms between the adjoint and 
the coadjoint representations. Our main motivation comes from the study of multiphcative 
fohations and distributions on Lie groupoids [71 HI [T0|. These are structures which have 
drawn some attention in connection to geometric quantization of Poisson manifolds |5] and 
also in a modern approach to Cartan's work on Lie pseudogroups [7j. For a Lie groupoid 
Q, the infinitesimal counterpart of a multiplicative foliation on Q is an ideal object in its 
Lie algebroid A (see [Hllin]); which can be seen as a VZ?-subalgebroid of both the tangent 
prolongation and the tangent double (TA — > A;TM — > M). One can expect that, with 
the proper notion of adjoint representation for Lie algebroids provided by [l], multiplicative 
foliations will correspond to subrepresentations of the adjoint representation. This is true 
when Q \s & Lie group and A is its Lie algebra since a multiplicative foliation on Q is in this 
case the same as an ideal in the Lie algebra, and hence a subrepresentation of the adjoint 
representation [13j . In general, this is only one part of the picture. This phenomenon is 
due to the presence of some additional structure coming from the tangent double of the 
manifold of units. The precise correspondence between ideal objects on a Lie algebroid and 
subrepresentations is given by Theorem 15.81 

We point out that our results on multiplicative foliations belong to the more general 
context of sub-objects of double vector bundles. In this context. Theorem 13.131 gives a 
classification of double vector subbundlcs of a general double vector bundle using the affine 
structure on the space of its decompositions. Applied to the tangent double, this result 
recovers the 1-1 correspondence between linear distributions on a vector bundle and the so 
called Spencer operators defined in [7] (see Proposition 15. 9p . The general result relating 
VB-subalgebroids and subrepresentations is given by Proposition l5.6l This result is used in 
§5.2.1 and §5.2.2 to study linear foliations on a vector bundle and distributions compatible 
with the Lie bracket on a Lie algebroid (the infinitesimal counterpart of a multiplicative 
distribution) , respectively, leading to an extension of some of the results in [71 [in| . 

This paper is organized as follows. In section 2 we present the background material on 
representations up to homotopy, including the main definitions and examples. In section 3 
we discuss double vector bundles and their duals as well as double vector subbundlcs. In 
section 4 we state and prove the main result of this work. This theorem establishes a corre- 
spondence between morphisms between decomposed V^B-algcbroids and morphisms between 
the corresponding 2-terms representations up to homotopy. As a result, the category of 
2-term representations up to homotopy of a Lie algebroid A is equivalent to the category 
of V,B-algebroids with side algebroid A. In section 5, we study VS-subalgebroids within the 
framework of representations up to homotopy. In order to have a self-contained presentation, 
we have included one appendix, where we show that the dictionary between VS-algebroids 
and 2-term representations up to homotopy is compatible with dualizations in each category. 
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Jotz was supported by the Dorothea-Schlozcr program of the University of Gottingcn, and 
a fellowship for prospective researchers of the Swiss NSF (PBELP2_137534) for research 
conducted at UC Berkeley, the hospitality of which she is thankful for. Ortiz would like to 
thank IMPA (Rio de Janeiro) for a 2012-Summer Postdoctoral Fellowship and its hospitality 
while part of this work was carried out. 
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2. Background: Representations up to homotopy of Lie algebroids 

We recall here some background material on representations up to homotopy. We follow 
mostly [1]. 

2.1. Definition and examples. Let E ^ M he a, vector bundle and V = ^^ez^k a 
graded vector bundle. The space of V^-valued i?-differential forms, n{E; V) := r{A'E* ^V), 
has a grading given by 

n{E;V)k = TiA'E*<^Vj) 

i+j=k 

and a natural (graded-)module structure over the algebra rt{E) := r{A*E*). 

U W ~ 0fcgz Wk is a second graded vector bundle, Honi fK W) is the graded vector 
bundle whose degree k part is 

Honi(V,W^)fe = 0Hom(y„ W:,+fe)- 

Let now (A, [■, ■],pa) be a Lie algebroid over M. 

Definition 2.1. A homogeneous A-connection V on the graded vector bundle V = ©j.^^ 
is an A-connection V : T{A) x r{V) — !> r(l/) such that Vq preserves r(Vfc), for all fc G Z and 
a S r(A). Equivalcntly, an A-connection on V is given by a family {\/^}k£Z, where each V'^ 
is an A-connection on Vk- 

From now on, we assume that all connections on graded vector bundles are homogeneous. 

Definition 2.2. Let F be a graded vector bundle. A representation up to homotopy of A 
on y is a degree one map V : fl{A; V). — > ^{A; V),^i such that ~ and 

(2.1) V{a A w) = d^a A w + (-l)l°la A V{lj), for a e 17(A), lu £ n{A; V), 

where cIa ■ ^{A) — il{A) is the Lie algebroid differential. 

Definition 2.3. A morphism between two representations up to homotopy of A is a degree 
zero 0(j4)-lincar map 

n{A;V) n{A;W) 

which intertwines the differentials Vw and Py. We denote it by {A, V) =^ {A, W). 

In this paper we are mostly concerned with representations up to homotopy on g.v.b's 
V concentrated in degree and 1. These are called 2-term g.v.b's and the representations 
up to homotopy of A on 2-term g.v.b's form a category which we denote by ]Rep^(A). We 
denote by Rep^(A) the set of isomorphism classes of objects of Rep^(A). 

For a 2-term representation up to homotopy V G Mep^(A), the derivation property (|2.1I) 
implies that the differential T) : ^{A\ V) — > ^{A\ V) is determined by 

(1) a bundle map d -.Vq ^Vi] 

(2) an A-connection V on V compatible with d (i.e. 9 o V*^ = o 9); 

(3) an element K S 9? {A,FinA{V) -i) = ^^(A, Hom(yi, Vb)) such that dvEnd/\ = and 
the diagram below commutes 

Vo ^-^Vi 




a 

where i?v* is the curvature of V*, for z = 0, 1. We say that (9, V, K) are the structure 
operators for V G Rcp^(yl). 
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We refer to [T] for a detailed exposition of the correspondence V i— > {d,\7,K) (pointing out 
that our sign convention for K is different from the one in [1]). 

For V,W e Rep^(A), a morphism {A, V) {A, W) is determined by a triple (0o, 0i, $), 
where 0o : Vb — Wq, 0i : Vi — > Wi are bundle maps and $ £ Hom(Vi, Wq)), satisfying 

(2.2) 01 o = (9vi/ o (/>o, 

(2.3) V^°°(</.o,0i) = ($aoay, aw°$a) for all a S r(A) 
and 

(2.4) dyHom $ = 00 o ify - Kw o 01 , 

where V""" is the A-connection on Hom fV. W) (see [1] for more details). 

In the following, given E, E' vector bundles over M, we denote by E^q] © E'^^^ the graded 
vector bundle having E in degree and E' in degree 1. 

Example 2.4 (Double representation). Let B — >■ M be a vector bundle and consider the 
graded vector bundle V = B[o] © B[i]. Any connection V : T{TM) x T{B) T{B) induces 
a representation up to homotopy of TAI on V by taking 9=:idB, V" = V^=V and 
K = — -Rv, the curvature of V. The isomorphism class of this representation does not 
depend on the choice of V and is called the double representation ofTM on B. We denote 
it by V{B) G Rep^(TAf) and the representation itself by Vv{B) e Mep2(A). 

Example 2.5 (Adjoint representation). Let {A, [■, ■]a,Pa) be a Lie algebroid over M. Any 
connection V : T{TM) x T{A) r(A) on A induces a representation up to homotopy of A 
on V = A[o] © TM[i] in the following manner. The map d is just the anchor pA ■ A TM . 
The A-connection v'^'**' on V (called the basic connection) has degree zero and degree one 
parts given by 



and 



ybas . Y{A) X V{A) — > T{A) 

{a,b) I — > [a,b]A + y pA(b)a- 

ybas . Y{A) X T{TM) — > T{TM) 

{a,X) ^ [pA{a),X]A + PAi'^xa) 



respectively. The element K is the basic curvature G i7^(A, Hom(rA/, A)) defined by 
R\^\a, b){X) = Vx[a, b] - [V^a, b] - [a, Vxb] + Vvba^^ b - Vyb.^x a- 

As before, the isomorphism class of this representation does not depend on the choice of 

V and it is called the adjoint representation of A. We denote it by ad G Rep^ (A) and the 
representation itself by adv G Rep^(y4.). 

Given a 2-term representation V G Rep^(A) with structure operators {d,\7,K) of A on 

V = Vo®Vi, its dual is the representation G Mep^(A), where Vq^ = V{, V^^^ = Vq, with 
structure operators given by 

(2.5) dyr = d*, V^^ V* and Kyr = -K* 
where V* is the A-connection dual to V, given by 

(2.6) {v:^,v) + {^,Vav)^Cp,^a){^,v), Vz; G r(F), e e r(F^). 

Example 2.6 (Coadjoint representation). The coadjoint representation is the representation 
of A on T*7\jf[o] ffi^m dual to the adjoint representation. It is denoted by adJ (A) G Rep^(A). 
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2.2. Fullbacks. We define here morphisms between 2-terni representations up to honiotopy 
of different Lie algebroids. Let (A' ,[■, ■]a' , PA') be another Lie algebroid over M and T : 
A A' a. Lie algebroid morphism over id a/. Choose W G Mep^(A') with structure operators 
id,\7,K). 

Define V"^ : r{A) x r{W) T{W) to be the A-connection given by 

(2.7) V>:=VT(a)U' 

for a e r{A) and w G T{W) and T*K G fl^iA; Hom(W^i, T^o)) by 

(2.8) T*K{aua2) ^ K(T{a,),T{a2)), (01,02) e A A 

Lemma 2.7. The triple (9, V^,T*Jir) defines structure operators for a representation up to 
homotopy of A on W which is called the pullback of W by T and it is denoted by T'W G 
]Rep2(A). 

Proof. We leave the details to the reader. □ 

Example 2.8. If T is the inclusion of a Lie subalgebroid A ^ A' , the pullback T ' is just 
the restriction of the representation to A. 

The usefulness of taking pullbacks is that it allows one to define morphisms between 
representations up to homotopy of different algebroids. 

Definition 2.9. Let W G Mep^(A') and V G Rep^(A) be representations up to homotopy. 
We define a morphism {A, V) {A' , W) over a Lie algebroid morphism T : A A' to he 
an usual morphism {A,V) ^ {A,T'W) (as given in Definition 12. 3p . 

Remark 2.10. The pullback operation can be defined for arbitrary representations up to 
homotopy. It was already defined in this generality for representations up to homotopy of 
Lie groupoids in 1^. Also, the pullback can be extended to morphisms and we get a functor 
T- : Mep2(A') ^ Mep2(A). 

3. Double vector bundles. 

We briefly recall some definitions regarding double vector bundles, their sections and 
morphisms. We refer to [11] for a more detailed treatment (see also [8] for a treatment closer 
to ours). We also present a result classifying subbundles of double vector bundles. 

3.1. Preliminaries. 

Definition 3.1. A double vector bundle (DVB) is a commutative square 

D B 

IB 

A > M 

1A 

satisfying the following three conditions: 

DVl. all four sides are vector bundles; 

DV2. Qg is a vector bundle morphism over qa; 

DV3. + : D X B D D 'is a. vector bundle morphism over + : A x m A A, where + is 

B B 

the addition map for the vector bundle D ^ B. 

Given a DVB (D; A, B; M), the vector bundles A and B are called the side bundles. The 
zero sections arc denoted by 0-^ : M A, 0^ : M ^ B, ^0 : A ^ D and ""0 : B ^ D. 
Elements of D are written [d; a,b;m), where d ^ D, m ^ M and a — qA{d) G ^m, b = 
q'^id) G B^. 
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The core C of a DVB is the intersection of the kernels of and q§. It has a natural 
vector bundle structure over M, the projection of which wc call qc : C ^ M. The inclusion 
C ^ D is usually denoted by 

C,n3c^ce{q^)-\0t)n{qE)-'{0^J. 

Definition 3.2. Let (D; A, B; M) and (D'; A', B'; M) be two double vector bundles. A DVB 
morphism (i^; i^ver, -fhor; /) from D to D' is a commutative cube 



B 



:B' 



D 



D' 



M ■ 



■.M 



A' 

where all the faces arc vector bundle morphisms. 

Given a DVB morphism {F; Fva, Fhor', f), its restriction to the core bundles induces a 
vector bundle morphism Fc : C C . In the following, we are mainly interested in DVB 
morphisms where / = idM : M M . In this case, we omit the reference to / and denote a 
DVB morphism by (F; Fver, ^hor). 

Given a DVB {D\ A, B; M), the space of sections T{B, D) is generated as a C°°(i?)-module 
by two distinguished classes of sections (see |12j). the linear and the core sections which we 
now describe. 



Definition 3.3. For a section c : M 
defined as 



C, the corresponding core section c : B ^ D is 



(3.1) 



c(6m) = ""O. ^ + c(m), m G M, 6™ G B„ 



We denote the space of core sections by Tc{B, D). 

Definition 3.4. A section X G T{B, D) is called linear ii X : B ^ D is a. bundle morphism 
from B ^ AI to D ^ A. The space of linear sections is denoted by r£{B, D). 

The space of linear sections is a locally free C°° (M)-module (see e.g. [8j). Hence, there is a 
vector bundle A over M such that Ti{B, D) is isomorphic to T{A) as C°°(M)-modules. Note 
that for a linear section X, there exists a section Xq : AI ^ A such that q^ o X = Xq o q^ . 
The map X ^ Xq induces a short exact sequence of vector bundles 

(3.2) — >B*(^C^ — >A — >A — >0, 

where for T G r{B* (S) C), the corresponding section T G (B, D) is given by 

(3.3) f (6„) = -Ob„ + T(M- 

A 

We call splittings h : A ^ A of the short exact sequence p.2|) horizontal lifts. 

Example 3.5. Let A, B, C be vector bundles over M and consider D ^ A(B B O C. With 
the vector bundle structures D = qj^(B (B C) A and Z? = q^(A © C) B, one has that 
{D; A, B; M) is a DVB called the trivial DVB with core C . The core sections are given by 

bm 1-^ (0;^, bm, c{m)), where m G M, 6„i G B„i, c G F(C). 

The space of linear sections F^ (B, D) is naturally identified with T{A) © T{B* (g) C) via 

(a, T):h^^ {a{m),b^, T{bm)), where T G F(B* ® C), a G T{A). 
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The canonical inclusion r(^) ^ Ti{B,D) is a horizontal lift. 

Let A' ,B' , C be another triple of vector bundles over M and consider the corresponding 
trivial DVB with core C , D' = A' ® B' ® C . Any DVB morphism (F; Fvor, Fhor) from D 
to D' is given by 

(3.4) (a,6,c) ^ (Fver(a), ^^hor(6), ^^c(c) +$a(fe)) 

where Fc : C — > C" is a vector bundle morphism and $ G r(A* ® B* ® C). 

A decomposition for a DVB (D; A, B; M) is an isomorphism a of DVBs from the trivial 
DVB with core C to D covering the identities on the side bundles A, B and inducing the 
identity on the core C. The space of decompositions for D will be denoted by Dec(-D). 
We recall now how this is an affine space over T{A* ® B* ® C). Given an element <i> S 
T{A* ® B* ®C), consider the DVB morphism 

, . I^: A®B®C — > A®B®C 

^ ' {a,b,c) ^ {a,b,c + ^a{b)) 

obtained from p.4p by taking Fvcn Fhon Fc to be the identity morphisms. For a decompo- 
sition CT, 

(3.6) $ • a := a o /cE, 
defines the affine structure on Dec(Z?). 

Remark 3.6. The space of horizontal lifts as well is affine over T{A* ®B*®C) (this follows 
directly from the definition of horizontal lifts) . There is a natural one-to-one correspondence 
between decompositions and horizontal lifts for D [8]. Concretely, given a horizontal lift h, 
the decomposition ah A® B ®C ^ D \s given by 

(3.7) (Jh{aTn,bm,c„i) = /i(a)(fe™) + (^Oj, + "c^), 

B A 

where m £ M and a G r(A) is any section with a(m) = a,„. Conversely, given a decomposi- 
tion a : A® B ®C ^ D, the map h^r : r{A) r^(B, D), 

(3.8) h^{a){b^)=(j{a{m),b,n,0^), m € M, 

is a horizontal lift. The map h i— > cr^ and its inverse a t-^ are affine. 

Example 3.7. For a vector bundle B — > M, 

TB > B 



TM > M 

is a DVB with core bundle B — > M. The core section corresponding to 6 G ^{B) is the 
vertical lift b^ : B ^ TB. One has that 

b^£^) = {yj,b)oqB and b^f o qg) = 0, 

where £ti),f°qB G C°°{B) are the linear function and the pullback function corresponding 
to ip € T{B*) and / G C°°(M), respectively. An element of Ti{B,TB) is called a linear 
vector field. It is well-known (see e.g. [11]) that a linear vector field X : B ^ TB covering 
X : A/ — > TM corresponds to a derivation L : T{B*) — > r{B*) having x as its symbol. The 
precise correspondence is given by 

X{U)=^L{^p) and X{f oqs) ^ Cxif) OQB- 

Hence, the choice of a horizontal lift for {TB;TM, B; M) is equivalent to the choice of a 
connection on B*. For convenience, we shall prefer working with the dual connection on B 
(see (|2.6p ). In this case, one can identify Dec(ri3) with the space of connections on B. 
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Example 3.8. Let A — > M be a vector bundle and consider TA — > TM as the horizontal 
side bundle of the tangent double, 

TA > TM 



M. 



A - 

For any a G T{A), Ta : TM — !> TA is a linear section covering a itself. Yet, the map a ^ Ta 
splits p.2[) only at the level of sections, as it fails to be C°°(M)-linear. The choice of a 
connection V on ^ restores the C°° (M)-linearity and induces a horizontal lift by 



(3.9) 



h{a){:x) = Tai^x) + {TQ{x) - V^^a), x £ TM, a e T{A). 



The associated decomposition cr/i e Dec(T^) coincides with the one induced by V as in 
Example 



3.2. Dualization of DVBs. Given a DVB {D; A, B; M) with core C, its horizontal dual is 
the DVB 



(3.10) 



C* 



PB 



> B 



M, 



9c* 



where ps ■ Dg B is the dual oi : D ^ B and, for ^ G {pb) ^{b„i), 

(3.11) {p'^°J{O,C,n)^{^,^0b^+C^). 

The core bundle of D'g is A* M. Similarly, the vertical dual is the DVB 



(3.12) 



D* 



A 



C* 



M 



1A 



with core B* ^ M. 

In the following, we are mostly interested in the horizontal dual. For ?/' S r(A*), the 
corresponding core section -0 G Tc{B,D*q) is just {q^)*i(j. In particular. 



(3.13) 

for c G r(C) and 
(3.14) 



(■0, /i(a)) = (■0,a) ogs 



for a G r(A) and any horizontal lift h : A ^ A. 

Given a decomposition a : A ® B (B C ^ D, the inverse of its dual over B, {<J%)~^ '■ 
B ® C* ® A* ^ D*g, is SL decomposition for D*^. 

Example 3.9. Let i? — > M be a vector bundle and consider its tangent double {TB; TM, B; M). 
The projection of the cotangent bundle T*B to B* is given, for ^ G T^ B, by 



^' dt 



{hra + tCra) ) , for C„i G i?rn, m G M. 
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Given a decomposition a : TM (B B ® B ^ TB, let V be the corresponding connection on 
B. The inverse of the dual of a over B induces a horizontal lift h : r{B*) Ti{B,T*B) 
given by 

where G C°°{B) is the linear function corresponding to ip e r{B*). 
3.3. Double vector subbundles. 

Definition 3.10. Let {D'; A', B'; M) be a DVB. We say that {D; A, B; M) is a double vector 
subbundle of D' if 

(1) (£>; A- B- M) is a DVB; 

(2) D CD'; Ac A' and B C B' are subbundles; 

(3) the inclusion i : D ^ D' is a morphism of DVBs inducing the inclusions ia '■ A ^ A' 
and iB ■ B ^ B' on the side bundles. 

Note that the core C" of D' is a subbundle of C and the map i : D ^ D' induces the 
inclusion ic : C ^ C on the core bundles. 

Example 3.11. Let D' = A' ® B' Q C be the trivial DVB with core C". Given vector 
sub-bundles A C A' , B C B' and C C C", the trivial DVB D = A® B ® C with core C is 
canonically a double vector subbundle of D'. 

The inclusion of trivial DVBs of Example 13.111 should be seen as a model for general 
double vector subbundles. Let us be more precise. 

Definition 3.12. Let {D;A,B;M) be a double vector sub-bundle of {D'\A',B';M). We 
say that a decomposition a' : A' ®B' ®C' ^ D' is adapted to D if a'{A®B®C) = D. In this 
case, the induced decomposition a := ct'IaqbisiC of makes the diagram below commutative 

A'®B'® C ^ D' 

(3.15) A®B®C ^ D 

where the left vertical arrow is the canonical inclusion of Example 13.111 

A horizontal lift h : A' ^ A' is adapted to D if its corresponding decomposition ah p.7p 
is adapted to D. Equivalently, h is adapted to D if and only if, for a € T{A), the linear 
section h{a) : B' ^ D' satisfies h{a){B) C D. In this case, h\A is a horizontal lift for D. 

Recall that Dec(D'), the space of decompositions of D', is affine modelled over T{A'* (g) 
B'* (g) C"). Define 

(3.16) Ta.b^c = e T{A'* ® B'* ® C) \ <^a{B) C C, Va e A}. 

Theorem 3.13. Let (D'; A', B'; M) be a DVB and A, B and C vector subbundles of A' , B' 
and C , respectively. There is a one-to-one correspondence 

( Double vector subbundles {D; A, B]M) of D' 1 i-i Dec{D') 
\ having C as core bundle. J Ta b c 

More precisely, for a double vector subbundle {D; A, B] M), the set of decompositions adapted 
to D is an orbit for T a,b ,C ■ Reciprocally, given a decomposition a' € Dec(£''), the double 
vector subbundle D = a'{AQ)BoC) only depends on the T A,B.c-orbit of a' and any decom- 
position in this orbit is adapted to D. 

Proof. For a double vector subbundle {D;A,B; M), we shall first prove that decompositions 
adapted to D always exist and then that they form an orbit for Ta.b,c- Begin with two 
arbitrary decompositions ctiAqSqC— >D and a' : A' ® B' ® C ^ D' and consider 
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(t' ^oioa: A(BB(BC-^A'®B'(BC'. It is a morphism between trivial DVBs inducing 
the inclusions on A, B and C. Hence, there exists $ G T{A* ® B* ® C) such that 

a'^"^ oio a{a, b, c) = (a, 6, c + $a(^))- 

For any $' 6 r{A'* B'* C") extending $ (i.e. ^[^(fo) = Va G A,6 e B), the 

decomposition $' • cr' is adapted to D. Now, if cri,cr2 are arbitrary decompositions, there 
exists an unique $ S r{A'* _£?'* (g) C") such that cri = $ ■ (T2- It is straightforward to check 
that they lie in the same orbit if and only if = CTj^^ o ai (see ()3.5p ) preserves A © _B © C. 
This implies that the decompositions adapted to D is an r^^s c-orbit and that the map 

^2i£l 3 [a']^a'{A®B®C) 

is well-defined. □ 

The following example illustrates how Theorem 13 . 1 31 can be used to classify double vector 
subbundles. 

Example 3.14. A decomposition of the trivial DVB D' = A' ® B' ® C is given by /$ (|53)) . 

for some $ e T{A'* (g) B'* © C"). Hence, 

Dcc{D')=r{A'* ^B'* (g}C'). 

In this case, double vector subbundles of D' having side bundles A C A' , B C B' and core 
C G C are in one-to-one correspondence with 

T{A'* ®B'* ®C') ^^f fC 
\ ' [ A* ® B* ' 



the trivial subbundle A ffi B ffi C corresponding to G T (A* © B* © (C'/C)). 

4. V;B-ALGEBROIDS AND MORPHISMS. 

It is shown in [8] that representations up to homotopy of a Lie algebroid on a 2-term 
graded vector bundle encode the Lie algebroid structures of VB-algebroids, i.e. DVBs with 
some additional Lie algebroid structure that is compatible with the DVB structure. In this 
section, we recall this correspondence and show how it can be extended to morphisms. We 
also check in Appendix lAl that it behaves well under dualization. 

4.1. VS-algebroids. We begin with the definition of VB-algebroids. We follow [8] in our 
treatment of the subject. 

Definition 4.1. Let {D;A,B;M) be a DVB. We say that {D ^ B;A ^ M) is a VB- 
algebroid if Z? — B is a Lie algebroid, the anchor pn : D ^ TB is a bundle morphism over 
PA '■ A ^ TM and the three Lie bracket conditions below are satisfied: 

(i) [T,{B, D), r,(B, D)]d C r,(S, D); 

(ii) [TeiB, D),r,{B, D)]d C T^iB, D); 

(iii) [r,iB,D),r,iB,D)]D^O. 

A VS-algebroid structure on (B; A, B; M) naturally induces a Lie algebroid structure on A 
by taking the anchor to be pA and the Lie bracket [•, ■]a defined as follows: if X,y € Ti{B, D) 
cover XQ,yo G r(^) respectively, then G Ti,{B,D) covers [^"0,3^0]^ e r(^). We call 

A the base Lie algebroid of D. 

The next result from ^ relates VB-algebroid structures on trivial DVBs and represen- 
tations up to homotopy (see also Proposition 3.9 in [1] where they prove a related result 
regarding the relationship between representations up to homotopy and Lie algebroid exten- 
sions). 
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Proposition 4.2. Let {A, pA, [■, ■]a) be a Lie algebroid over M and B — > M and C — > M 
be vector bundles. There is a one-to-one correspondence between VB-algebroid structures on 
the trivial DVB with core C having A as the base Lie algebroid and 2-term representations 
up to homotopy of A onV = C[o] ffi • 

Let us give an explicit description of the VB-algcbroid structure on D = A B ® C 
corresponding to a 2-term representation (9, V, A') of A on C[o] © For a 6 r(A), let 

h : T{A) ^ T({B,D) be the canonical inclusion of Example 13.51 Define the anchor of D, 
PD '■ D ^ B, on linear and core sections as follows: 

(4.1) PniHa)) = Xvi , Pnic) = d{c)\ 

where X^i , 9(c)''' G X{B) are, respectively, the linear vector field corresponding to the 
derivation V^* : r{B*) T{B*) and the vertical vector field corresponding to d{c) € T{B) 
(see Example 13. 7p . The Lie bracket [■,-]d on T{D) is given by the formulas below: 

[ci,C2]d = 

(4.2) [h{a),d]D^vlc, 
and 

(4.3) [h{ai),h{a2)]D = /i([ai,a2]A) +K{ai,a2) 

where a,ai,a2 E r(A) and c, ci,C2 G r(C') ^md K(ai,a2) G Te{B,D) is the linear section 
given by p.3p . 

Remark 4.3. A Vi3-algcbroid structure on a general double vector bundle {D; A, B; M) 
induces a representation up to homotopy of the base Lie algebroid A on C[o] © -B[i] once a 
decomposition a : A® B (B C D \s chosen. The structure operators (9, V, K) are obtained 
from exactly the same formulas pTTj) . (g^l) and (^3)) by taking h : T{A) Ti{B, D) as the 
horizontal lift corresponding to a. The isomorphism class of this representation does not 
depend on the choice of the decomposition. More precisely, if a is another decomposition, 
then cr = $ • cr. for some <f> G r(^* ® B* ® C) and the structure operators (9, V,iir) 
corresponding to a are given by 

(4.4) 9 = 9; 

(4.5) V°=V0-a>,o9and = Vi-9o$,; 

(4.6) k{a, b) = K{a, h) + dvHom$(a, &) + o 9 o - o 9 o 

for a,5 G y{A). Moreover, (idcidB,$) arc the components of an ri(A)-linear isomorphism 
ri(A, C[o] © ^[1]) ^{A, C[o] © -B[i]) which intertwines T) and V (sec [8] for more details). 

The next two Examples recall how the double and the adjoint representation arise in this 
way from Vi3-algebroids. 

Example 4.4. The tangent double {TB;TM; B; M) of a vector bundle i? — > 7\/ is canoni- 
cally endowed with a VS-algebroid structure {TB — >■ B; TM M) with pxB = '^ds, Ptm ~ 
id-TM and [■, ■]tb given by the Lie bracket of vector fields. A horizontal lift h : TM — > TM is 
equivalent to a connection V : T{TM) x T[B) T{B) (see Example [37]) . So, ([4T|) and ([42]) 
implies that 9 = ids and the connection on i?[o] ©i3[i] is given by V in degree and 1. Also, 
it follows from (|4.3p that K = — i?Vj the curvature of V. Hence, the element on Rcp^(rAf) 
associated to {TB B; TM M) is the isomorphism class of the double representation of 
TM on B®B (see Example [M]). 



12 



T. DRUMMOND, M. JOTZ, AND C. ORTIZ 



Example 4.5. Let (A, p^, [•, -J^) be a Lie algebroid over M. The tangent prolongation 
{TA; A, TM- M) of A has a VS-algebroid structure [TA TM; A M). We refer to [U] 
for more details about this. It is shown in [8] that the element on Rep^(A) associated to 
such a V;B-algebroid structure is exactly the adjoint representation of A. 

Given a VS-algebroid {D — ^ B\A — > Af), one can prove (see [T^]) that the vertical dual 
{D\ C*;A AI) is a VS-algebroid. By choosing a decomposition a G Dec(D), the 
inverse of its dual over A, {a\)~^, is a decomposition for D\. In Appendix El we prove that 
the representations up to homotopy associated to a and {cr\)~^ arc dual to each other. 

Example 4.6. Let {A,[-, ■]a, Pa) be a Lie algebroid over M. By Proposition I A. 11 the 
VB-algebroid structure of {T*A ^ A*;A M) obtained from taking the vertical dual of 
the tangent prolongation {TA — >■ TM; A — >■ M) gives rise to the coadjoint representation 
ad^ G Mep^(A), the isomorphism class of the representation up to homotopy dual to the 
adjoint representation of A. We refer to [llj for more details concerning the cotangent Lie 
algebroid T*A-^ A*. 

4.2. Lie algebroid differential. Let {A, pA,[-, ■]a) be a Lie algebroid over M. Given a 
2-term representation up to homotopy A on V = C[o] © , we investigate how the Lie 
algebroid differential do oi D B, where D = A®B®C, is related to the structure operators 
(9, V, K). Let h : r{A) ^ ^e{B, D) be the natural inclusion considered in Example 13.51 
First of all, it is straightforward to check that, for / € C°°{M), 

(4.7) dnifogB) - (pa o q'lndf ) = q^*{dAf), 

where dA is the Lie algebroid differential of A. 

In the following, recah the identification Ti{B, D*g) = r{A* (g) B*) © r(C*) (see Example 

KB- 



Lemma 4.7. Let £^ G C°°{B) be the linear function associated to ip € T{B*). The map 
d]j{£^) : B — > is a linear section given by 

(4.8) dDie^) = idv'i^,d*i') 

where V* is the A-connection on V* = B*^^ ® ^fi] '^''^'^^ ^ ^'^'^ ^v* ■ ^(^; V*) — ^ ^{^', V*) 
is the Koszul differential. 

Proof. The result that do{l.^) is a linear section follows from the fact that dl^, : B — > T*B 
is a linear section of the cotangent bundle (covering -0 itself) and po : D ^ TB is a DVB 
morphism. Also, for b„i G -B, one has 



(p!i?/(dD£^),c™} = di^{pD{^b^ + c;^)) = 4: 

A at 



{ip{m),br,i +td{Cr,i)) = {d*'ip{m),Cm)- 



Finally, since pD{h{a)) is the linear vector field on B which corresponds to the derivation 
Va on r(B), it follows that 

Formula (j4.8p follows immediately. □ 



Now let us consider the degree one part of do (i.e. do ■ r{Dg) — > r(A^£'J)). As 
D — q-Q{A (B C) as a vector bundle over B, one has 

(4.9) D*B = teCA^A* © {A* © C*) © A^C*). 

Lemma 4.8. Choose ip G T{A*) and consider the corresponding core section ip G Tc{B,D). 
With respect to the decomposition (|4.9p , one has 



(4.10) do^p : &™ ^ ( dA^Pim), 0^^"' , 0^ 



Ve-ALGEBROID MORPHISMS AND REPRESENTATIONS UP TO HOMOTOPY 



13 



Proof. Choose ai, 02 G r(yl). As po ■ D ^ TB is a vector bundle morphism over pA ■ A 
TAI, one has that Tqb o pD{h{ai)) = pA o q^[h{ai)) = pA{ai); for i = 1,2. Also, it follows 
from p.l4[) that {■il),h{ai)) — {ip,ai) oqg, for i = 1,2. It is now straightforward to check that 

dDi>{h{ai),h{a2)) = (^^-0(01, 02)) o - {i', K{ai,a2)) = (^^-0(01, 02)) o g^. 

As for the component on A* (g) C* , we have 

dD'ip{h{ai),c) = Cp^(h(ai)){i), c) - Cp^(c){-i, h{ai)) ~ (■0, [/i(ai), c]/?) = 0. 

The first and the last term on the right hand side vanish because of p.l3p . Also, since pd{c) 
is a vertical vector field, it follows with p.l4[) that the second term on the right hand side 
vanishes. One can prove in a similar manner that the component on A^C* is also zero. □ 

Lemma 4.9. Let Q E r{A* B*) and 7 G T{C*).With respect to the decomposition (|4.9p . 
we have 

(4.11) dD{Q,o) : 6™ ^ ((dv.Q,6™),-(id^* ®a*)(Q), o;;,'^*), 

and 

(4.12) dn{0,7) : 6™ ^ (-(/r7,&m), c?v*7, O;;'^*), 
Proo/. Fix ai, 02 G r(A) and c e T{C). We have 

(^dCQ, 0)(/l(ai), /l(a2)) = 'Cpo(/i(ai)) ^0(a2) - 'CpD(/»(a2)) ^Q(ai) - ((Q, 0), [/l(ai ) , /l(a2 )] D ) ■ 

As pD{h{ai)) 6 X(i3) is the linear vector field corresponding to Va^, we have 

i^po(h(a,)) ^Q(a,) = ^V'^^Qiaj), iOT 1 < i ^ j < 2. 

Also, by (jXni) and (g^]), we get 

((g, 0), [/^(ai), /i(a2)]i3) = {{Q, 0), /i([ai, a2]A)) = ^g([a„a,]^). 

The formula for the component on A^A* now follows by assembling the terms. Similarly, 
using that ((Q,0),2) = ((Q,0), [/i(ai),^]c) 0, we get 

dD{Q,0){h{ai),c) = -Cp^(^s)^Q(^ai) = (Q(ai),-5(c)) og^- 

It is straightforward to check now that the component in A^C* is zero. The proof of (|4.12p 
is a similar computation that we leave to the reader. □ 

4.3. Morphisms. 

Definition 4.10. Let {D B;A M) and {D' -> B']A' M) be V^B-algebroids. A 
V/B-algebroid morphism from D to D' is a DVB morphism [F] i^vei-; ^hor) from D to D' such 
that _F is a Lie algebroid morphism. 

Our aim is to relate Vi3-algebroid morphisms with morphisms of representations up to 
homotopy. Using decompositions, it suffices to consider morphisms F between trivial DVBs 
D = A®B®C and D' ^ A' ® B' ®C' . From Example [331 we know that a DVB morphism 
F : D ^ D' is determined by vector bundle morphisms Fvor : A ^ A' , i^hor : B ^ B' , 
Fc-.C-^C and $ G fli(A,Hom(B,C")). 

Theorem 4.11. F : D D' is a VB-morphism if and only if i^vcr : A A' is a Lie 
algebroid morphism and {F^, F\^o^,<^) are the components of a morphism {A,V) =^ {A',W) 
over i<"vcr between the associated representations up to homotopy V = C[o] © G Kep^(A) 
and W = C[o] © G Rep2(A'). 

Remark 4.12. Combining the results in [5] with Theorem 14 . 1 1 1 we conclude that the cat- 
egory of 2-term representations up to homotopy of a Lie algebroid A is equivalent to the 
category of VS-algebroids with side algebroid A. 
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In the following, let do and do' be the Lie algebroid differentials of Z) — > S and D' — > B' , 
respectively. Recall that F : D ^ D' is a. Lie algebroid morphism if and only if the associated 
exterior algebra morphism, F* : T{A' D'*g,) — >■ r(A*D^), intertwines do and dnfl Theorem 
14.111 will follow from the thorough study of the relation F* o do' = djj o F* , which we carry 
on in Lemmas 14 . 1 41 and 14 . 1 51 below . First, we shall need a Lemma which gives useful formulas 
for F* in degree 1, F* : T{D'b^) T{D%). 

Lemma 4.13. Choose Q G T{B'* ® A'*), 7 e T{C'*) and 1}} € T{A'*). Then F*ip = F*^ 
and F*{Q,-f) = {F*,, ^ F*M + (*:7), F,*^)- 

Proof. The result follows directly from Example 13.51 We leave the details to the reader. □ 

Let now {dw,^^,Kw) and (Sy, V^, i^Tv) be the structure operators of the representa- 
tions up to homotopy of AonV ~ C[o] ® and of A' onW = Cj'q] © B'^^^ , respectively, and 
let V"°"' be the A-connection on Hom (K W) obtained from and (V'^)*'™' (see dHZl)). 

Lemma 4.14. F* o do' = do o F* holds on r{A"D'*g,) = C°^{B') if and only if 

(4.13) pA'oF^cr^PA, 

(4.14) Fi,,, o dv ^ dw o 
and 

(4.15) V^°"i^hor = 5H'0$„Vaer(A). 

Proof. It suffices to consider foq^,, for / G C°°{M) and linear functions ip, for /3 G T{B'*). 
Now, (|4.13p follows directly from (|4.7p . For the other two equations, first observe that 

F*(€^) = ip^^^p- The identity 

doiep^^^f}) = (dv>--P^hor/3, (^^hor o Dv)* P) G r{A* ® B*) © r(c*) 

follows from (|4.8p . On the other hand, due to (|4.8I) and Lemma HTT^ we have F*{dDii/3)) = 
(g,7), where 

Q = Kcr ® ^^hor (dv»-./3) + ($, 

7= (5h.oF,)*/3. 

By comparing the components in r(C*) and r{A* ® S*), one finds equations which are dual 
to (|4.14p and (|4.15p . respectively. This proves the lemma. □ 

Lemma 4.15. F* o dw = do ° F* holds on T{A^Dg,) if and only if 



(4.16) dA o = -F*cr ° d,A' in T{A'*), 

(4.17) yH^'^Fe = $a o a^, Va G r(A) 

anrf 

(4.18) dvHo.„$ = F, O AV - (Kcr-^W) ° ^hor. 



Proof. It suffices to consider core sections -0 and linear sections of the type (0,7), where 
7 G r(C"*) and ip G r(A'*). Equation is equivalent to F* o d£,/(-0) = d^, o 

Now, according to the decomposition (j4.9p . we find F* o(i£)/(0,7) = (Aii^27A3), where A3 
is the zero section of A^q^C* , 

Mb.n) = -( (F;,,/^iy)*7,Fhor(6rn) ) + (Kcr A (6,„) ) (dy w • 7(™) ) , 

and 

A2(&m) = ® (dv»'.7(m)), 

^Recall that F* is defined by {F*uj){b){di{b), . . . ,dn{b)) = u}p^_^^j,,-j{F{di{b)), . . . , F{d„{b))) for uj 6 
r{A"D'3,), fe e -B and di, . . . , (i„ e T(B, D). In partieular, we have°F*{g) = g o Fhor, for g G C°°(B) = 
r(A«D'^,). 
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where m G M, bm G Bm and $(&,„) is seen as a map from A to C with dual $*(&m) : C* —?' 
A*. Similarly, by Lemma liHl and formulas (|4lT|) . (|4A2|) . it follows that dD(-F*(0,7)) = 
d£i(($,7), i^c*7) = (01,02,63), where 03 is again the zero section of A^q'gC*, 

0i(&„O = (dvv($,7), &™) - (A-v(i^;7), V). 

and 

02(&™) = -(id^i ® ae,)($,7(m)} +dv>-^c*7M- 
The equalities A2 = ©2 and Ai = ©i are equivalent to the equations dual to (|4.17p an (|4.18p . 
respectively. □ 

Proof of Theorem \4-ll\ Equations (|4.13p and (|4.16p are equivalent to Fvor being a Lie al- 
gebroid morphism. Similarly, equations (|4.14p . (|4.15p . (|4.17p and (|4.18p are equivalent to 
(Fc, Fhor, being the components of a morphism {A, V) =^ (A', W). This proves the The- 
orem. □ 

Example 4.16. Let (A, [•, ■\a,Pa) be a Lie algebroid over M. An IM-2-form [6] on A is a 
pair {n, v) where : A ^ T*M and v : A K^T*M such that 

(1) {^l{a),pA{b)) = -{^l{b),pA{a))■ 

(2) p,{[a,b]) = Cp^(^a)Kb) ~ ■ipA(b){dfJ.ia) + i^(a)); 

(3) iy{[a, b]) = Cp^(a)v{b) - ip^(^t)di^{a), 

for a,b £ T{A). In [4] (see also [5] for the case where = 0), it is shown that every IM-2-form 
is associated to a 2-form A g rt^{A) whose associated map Aj : TA — > T*A is a VS-algebroid 
morphism from {TA -> TM;A M) to {T*A A*]A M) inducing p. : A ^ T*M 
on the core bundles and : TM — > A* on the side bundles. Let a G Dec(TA) and 

CT^ be its dual over the side bundle A. From [J (see Lemma 3.6 there), it follows that 
F ^ a\ o o <T : A® TM ® A ^ A ® A* ® T*M has components given by i^vor = idyi, 
^hor = -M*, Fc ^ fJ. and 

$ = iy + dv*fJ-* e n^{A;llom{TM,T*M)). 

where V is the connection on A associated to a and dv* : il{TM; A*) il{TM; A*) 
the Koszul differential associated to the dual connection. Note that we are identifying 
n^{TM,A*) with n^{A; A^T*M) and seeing /\^T*M as a subset of Hom(TM, T*M). So, as 
a result of Theorem l4.11[ one has that {fi, v) is an IM-2-form if and only if (/i, — /i*, i'+d\r*p,*) 
are the components of a morphism from the adjoint representation ad\'{A) to the coadjoint 
representation ady (A) . 

Example 4.17. Let {A, [■,■], pa) be a Lie algebroid such that its dual A* has also a Lie 
algebroid structure {A*, [•, ■]a',Pa*)- It is shown in [T4| that {A, A*) is a Lie bialgebroid if 
and only if tt^ : T*A ^ TA is a Vi3- algebroid morphism from the cotangent Lie algebroid 
{T*A -¥ A*,A M) to the tangent prolongation {TA TM]A M), where tta & 
r(A^TA) is the linear Poisson bivector corresponding to the Lie algebroid A*. For any 
decomposition a S Dec(TA), it follows from [M] (see Corollary 6.5 there) that (T~^ o tt^ o 
{a*^)~'^ : A® A* ® T*M A® TM © A has components given by i^vcr = idyi, ^hor = PA*, 
Fc = ~p*^, and $ e rji(A;Hom(A*,A)) defined by 

($a(a),^) = -dA-a(a,/3) + (/?, Vp^. („) a) - (a, Vp^. (^) a), (a,/3) G A* XmA*, 

where d^* : r{AA) r{AA) is the Lie algebroid differential of A*, V : r{TM) x r{A) 
r{A) is the connection corresponding to a and a*^ is the dual of cr over A. Note that 

($a(a),/3)) = (a,r'^-^(a,/3)), 
where T^)^^ is the torsion of the basic connection 

T{A*) X T{A*) — > T{A*) 
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As a result of Theorem 14.111 we have that (A, A*) is a Lie bialgebroid if and only if 
(— p^* , PA* , T^^'^) are the components of a morphism from the coadjoint representation ady 
to the adjoint representation ady- 

5. VB-SUBALGEBROIDS AND SUBREPRESENTATIONS. 

5.1. V;B-subalgebroids. 

Definition 5.1. Let {D' B';A' M) be a VS-algebroid. We say that a double vector 
subbundle (D; A, B; M) is a VB-suhalqehroid oi D' \i D ^ B is a. Lie subalgebroid of D' 
B'. 

Proposition 5.2. A double vector subbundle (D; A, B; M) is a VB -subalgebroid of D' if and 
only if 

(1) [D ^ B;A-^ M) is a VB-algebroid; 

(2) the inclusion map i : {D ^ B\ A ^ M) ^ {D' B';A' M) is a VB-algebroid 
morphism. 

Proof. It is straightforward to sec that conditions (1) and (2) imply that I? is a VB- 
subalgebroid of D' . Conversely, assume that D ^ B \s a, Lie subalgebroid of D' — > B' . 
The fact that the inclusion i : D D' is a, bundle morphism over iA '. A A' implies that 
the anchor of D, pn = po' o i, is a bundle morphism over pA — pA' ° lA- To prove that 
[D ^ B\ A ^ M) is a Vi3-algebroid, we still have to check conditions (i), (ii) and (iii) of 
Definition 14.11 These will follow from exactly the same conditions on D' if we prove that 
core (respectively linear) sections of D can be extended to core (respectively linear) sections 
of D' . Now, ((XT|) implies that 

r,(B, D) = {c\b I c G T{C) and c G T,{B',D')}. 

Also, ion X : B ^ D , a, linear section of D covering a G r(A), choose any horizontal lift 
h' : A' ^ A' adapted to D (the existence of which is guaranteed by Proposition 13 . 1 3p . For 
6 G 

X{b)- h{a){b)^Qf + ^JU), 

B A 

for some $ G ^^^(A, Hom(S, C)). Extend $ to $' G f7(^', Hom(S', C")). The horizontal lift 
h" = h' + $' is still adapted to D and A" = h"{a)\B. □ 

Definition 5.3. Let W G Rep^(^) be a 2-term representation of a Lie algebroid A and 
let {d,V,K) be its structure operators. We say that a (graded) subbundle V C W is 
a subrepresentation if y G Mep^(yl) and (ivo, , 0) are the components of a morphism 
{A,V) ^ {A,W), where ivo ■ Vq ^ Wq and iy^ ■ Vi ^ W\ are the inclusions and G 
r(yl* ® T^r ® M^o). 

Remark 5.4. If (9, V, K) are the structure operators for W G Mep^(A), then y C is a 
subrepresentation if and only if 

(5.1) 9(^0) C Vi; 

(5.2) Va preserves y, Va G r(A); 

(5.3) ir(ai,a2)(yi) C yo,Vai, 02 G A 

In this case, the restrictions ((JIvb, V|y,i^|yj) are the structure operators for the represen- 
tation up to homotopy oi A on V . This follows directly from equations (|2.2p . p.3p and 

Let us give an example. 
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Example 5.5. Let V : r{TM) x T{B) — )• r{B) be a connection on B and consider the 
double representation V^{B) G Mep^(TM) (see Example [23]) . For a given vector subbundle 
C C B, the graded vector bundle C[o] ©-B[i] is a subrepresentation if and only if V preserves 
C and the induced connection on the quotient V : r{TM) x T{B/C) T{B/C) is flat. 

The following result shows how V^B-subalgebroids and subrepresentations are related. 

Proposition 5.6. Let W = C'qj © B'^-^ G Rep^(yl') be the representation up to homotopy 
corresponding to a VB-algebroid structure on {A' ®B'®C'^ B'; A' -)• M). Then (A© i? © 
C B; A M) is a VB-subalgebroid if and only if A C A' is a subalgebroid and C[o] © 
is a subrepresentation of i']^W G M.cp'^{A), where iA '■ A ^ A' is the inclusion. 

Proof. Assume A © _B © C is a V;B-subalgebroid of D'. By Proposition (j5.2[) . it follows 
that {A O B (B C B;A M) is a VS-algebroid, so there is a corresponding Lie algebroid 
structure on A and V = C[o] © e Mep^ (A). As the inclusion i : A® B ®C ^ A' ® B' ®C' 
is a VB-morphism, it follows from Theorem 14.111 that the inclusion iA ■ A A' is a Lie 
algebroid morphism and (ic,*s,0) are the components of a morphism {A,V) =^ {A'.,W) 
over the inclusion iA- Conversely, assume that A C A' is a subalgebroid and that 1^ is a 
subrepresentation of i'aW. The representation up to homotopy of A on give {A(BB(BC 
B;A^ M) a VS-algebroid structure and one can use Theorem (|4.1ip once again to prove 
that the inclusion i : A ® B ® C A' ® B' ® C is a Vi3-morphism. This concludes the 
proof. □ 

Although Proposition 15.61 refers to a specific double vector subbundle of A' Q) B' (B C 
being a VB-subalgebroid, it can be applied to general double vector subbundles by means of 
adapted splittings (see Remark l4.3p as diagram p.isp indicates. 

5.2. Applications. Let (?b : B — ?> M be a vector bundle and A C TB be a distribution on 
B. We say that A is linear if there exists a distribution A7\/ C TM such that 

A > B 



IB 



Am > M 

is a double vector subbundle of TB [1^ . We denote by C C -B the core bundle of A. A 
section b : M ^ B belongs to T{C) if and only if its vertical lift b^ G X{B) belongs to A. In 
case A = TJ-, we say that is a linear foliation on B. 

Remark 5.7. If one considers the Lie groupoid B =t M, where the source and the target 
are the projection qb ■ B ^ M and the multiplication is addition on the fibers, then a linear 
distribution is just a multiplicative distribution in the sense of |10| . 

In [To] (see also [9]), it is shown that the infinitesimal version of ideal systems [11] on a Lie 
algebroid A (called IM-foliations) are equivalent to linear distributions on A which are VB- 
subalgebroids of both (TA A; TM M) and {TA TM; A^ M). As a consequence 
of Proposition we have the following result relating IM-foliations on a Lie algebroid and 
the adjoint representation. 

Theorem 5.8. Let A be a Lie algebroid over M. A linear distribution (A;^, Aa/;M) on 
A is a VB-subalgebroid of both {TA A;A^ M) and {TA TM; A M) if and only if 

(1) Am C TM is integrable; 

(2) C[o] © Aj\/[j] is a subrepresentation of aAsj{A) and 

(3) C[o] ©^[1] is a subrepresentation of v^^T>\/{A), 
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where C is the core bundle of A, i^M ■ ^ TA/ is the inclusion and V is any connection 
adapted to A. Moreover, ifV : T{Am) x T{A/C) T{A/C) is the connection given by 

Vx7r(a) = 7r(V:.a), a £ r(A), x £ r(AM), 

where t: : A A/C the quotient projection, then (A, Ajv/iC*, V) is an infinitesimal ideal 
system in A. 

In the remainder of this paper, we investigate separately the VB-subalgebroids of {TA — > 
A; TM M) and [TA ^ TM; A^ M). 

5.2.1. Linear foliations on a vector bundle. Let (A; Aj\/, B; M) be a linear distribution on 
a vector bundle B. Let C be the core bundle of A and tt : B B/C he the quotient 
projection. Define 

B^: r(AM)xr(B) r{B/c) 

^^■^> {x,b) ^ noLxib). 

where X : _B — > A is any linear section covering x, Lx ■ r(i?) r(i?) is the derivation 
defined by 

(5.5) Lx{b)^ - [X, for b G r{B). 

It is straightforward to check that tt o Lx depends only on x and not on the particular choice 
of X : S — > A. The map B'^ is C°°(Af )-linear in the first coordinate and satisfies 

(5.6) B^(/&) = fB^{b) + {C,f)TT{b),yx e r(AM), b e r{B), f e c°-{m). 

Proposition 5.9. The map A h- >■ B'^ gives a one-to-one correspondence between linear 
distributions on (A; Am, B, M) on B having C as core bundle and maps D : T[B) — > T{A\j® 
{B/C)) satisfying (|5.6p . Moreover, a connection V : T[TM) x T(B) — >■ T(B) is adapted to 
A if and only if 

(5.7) TTo V:, =ID)^,Va; e r(AM). 

Proof. Let us first prove the second assertion. On the one hand, if V is adapted to A, then 
the linear vector field Xy^ : B — > TB corresponding to the derivation V^; : T{B) — !• r{B) is 
a linear section of A. Hence, it follows from the definition (|5.4p that 

B^ = TT O Lx^^ = TT O Vx, 

for X G r(AM). On the other hand, if (|5.7p holds, then, for every x G T{Am), there exists 
a linear section X : B A covering x such that S := V.^ — Lx G IIom(_B, C), where Lx is 
the derivation defined by ()5.5|) . In terms of sections, 

Xv, =X + S^. 

As C is the core bundle of A, one gets that X\r^ is a section of A and, therefore, V is 
adapted to A. 

Now, it remains to prove that given a map D : T{B) — > r(A^ (g) {B/C)) satisfying (j5.6|) . 
there exists a linear distribution A on B such that B = . The idea is that all connections 
V satisfying B^; = tt o V^r, x G A},[, belong to the same rA„,B,c-orbit on T>ec{TB), which, 
in turn, correspond to a linear distribution on B to which any connection on the orbit is 
adapted (as shown in Proposition I3.l5|) . So, we are left to prove that such a connection 
always exists. For this, let s : B/C B he & linear section for the quotient projection 
TT : B ^ B/C. In the rest of the proof, we identify B with {B/C) © C using s. First, note 
that (|5.6p implies that the map 

T{Am)^T{B/C) T{B/C) 
(x,7) ^ ^x{s{l)) 
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is a AA/-connGction on B/C. Extend it to a Aj\/-conncction V'"'^'** on B by choosing an 
arbitrary A;\f-conncction on C. Second, (|5.6p implies that, for x G r(AA/), D^^ : T{B) — > 
T{B/C) is actuahy Hnear when restricted to T{C). So, define $ e r(AX/ ® B* ® B) 



s o Bx{u), if u e C; 
0, Hue B/C. 



It is now straightforward to check that any connection V : T{TAd) x T{B) ^{B) such that 
= V^*"^* + for X G Am satisfies D^; = tt o Vj; , for a: G Am- □ 



Remark 5.10. Proposition 15.91 can be put in the more general setting of multiplicative 
distributions on Lie groupoids considered in [7] (see Remark 15. 7p . There, the one-to-one 
correspondence above is shown in the case Am = TM. The map is called in this case 
the Spencer operator associated to A by the authors. 

The following result (see [Zllin]), can now be reobtained as a direct consequence of Propo- 
sition [ 



Proposition 5.11. A linear distribution [A; Am , B; M) on B with core bundle C is invo- 
lutive if and only if Am is involutive and the associated map : T{B) — s- r(A^^ (X) (B/C)) 
satisfies 

(1) B^lr(c) =0; 

(2) the map induced on the quotient T{B/C) — > T{ A*j^,j<Si{B /C)) is a flat Am -connection 
on B/C. 

Proof. Choose any connection adapted to A and consider the double representation 2?v (B) G 
Mep^(TM). It is the representation up to homotopy of TM associated to the VS-algebroid 
(TB B: TM M) and the decomposition induced by V. So, by Proposition [521 one has 
that A is involutive if and only if Am is involutive and C[o] © is a subrepresentation of 
*Am^v <= Ilicp^(AA/), where ia,,, : Aj\/ ^ TM is the inclusion. The result now follows from 
Example 15.51 and the fact that D;^ = 7r(Va;), for every x G r(AM)- □ 

5.2.2. Subrepresentations of the adjoint. Let [A^ [•, ■]a,Pa) be a Lie algebroid over M and 
consider the associated VS-algebroid {TA TM: A^ M). 

Definition 5.12. A linear distribution {A; A, Am', M) is said to be compatible with the Lie 
algebroid structure if A — > Am is a Lie subalgebroid of TA TM. 

Remark 5.13. Distributions on A compatible with the Lie algebroid structure are the 
infinitesimal counterpart of multiplicative distributions on groupoids. 

The following result gives a characterization of distributions (A; A, Am', M) with core C 
which are compatible with the Lie algebroid structure in terms of their associated operators 
D : T{A) V{Ali ® {A/C)) (see dEJ)). We wih make use of tt : A A/C as well as the 
quotient projection tttm '■ TM TM/ Am. 

Proposition 5.14. Let A be a linear distribution and choose any connection V : T{TM) x 
T{A) — > r(A) adapted to A. One has that A is compatible with the Lie algebroid structure 
if and only if pa{C) C A^/, 



(5.8) 



ID'p^(c)(a) = -7r([a,c]); 
p^{^])x{a)) = -TTTM ([/OA (a), a;]) 



where pA '■ A/C ^ TM/ A]\j is the quotient map (i.e. pA° ~ t^tm ° Pa) md 
(5.9) B,([a, bU) - V^"^©,(6) - V^^^ID),(a) + ^(V[p^(,),,]a - V[p^ 
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where is the A-connection on the quotient A/C given by 

(5.10) V^^7r(6) = ^([a, b] + Vp(,)a) = ^(V^^fo) 

for a,b£ r{A), c e r(C) and x £ T{Am). 



Proof. As V is adapted to A, Proposition 15.61 assures that A is compatible with the Lie 
algebroid structure if and only if F = C[o] (BAm[i] is a subrepresentation of ady £ Mep^(A). 
It is straightforward to see that (|5.ip is equivalent to pa{C) C Aa/. So, one is left to 
prove that (|5.8|) and (|5.9p correspond to (|5.2p and (|5.3p . respectively. Now, saying that V*^**^ 
preserves V is equivalent to 

f [a,c] + Vp^(c)a e r(C) / '^(^P'lf^)") = "^"^t"'^]) 

[ [pA(a),a;] +/0A(V3;a) e r(AA/) [ TTTAiipAi'^xa)) = -T^TM{[pA{a),x]) 

for every c G r(C), a G r(A) and x G r(AA/). So, (|5.8p now follows from the fact that, for 
any adapted connection V, Hix = tt o V^;, Vx £ r(AM) and tttm o Pa ^ Pa"'^- In particular, 
as V'^'^'' preserves C, it follows that V'''^'' is well-defined. 

At last, (|5.3p for the adjoint representation says that B}^^{Ai\j) C C which, in turn, holds 
if and only if 

(5.11) 7r(Va;[a, b] — [V^^a, b] — [a, Vxb] — Vybas^ a + Vytas^ b) = 0, 

for a,b E T{A) and x G r(AA/). Now, note that 

and similarly 

[a, V,6] + Vyba^.a = V^a""^xb + V[p^(6),,]a. 

So, by definition of v'^^'', one has that (|5.1ip is equivalent to 

e,([a, b]) + V^'^P^Ca) - V^^'']D),(fo) + 7r(V[p(,),,]6 - V[p^(fa),,]a) = 0, 

as required. □ 

Remark 5.15. In the special case where Am = TM, one can get rid of the choice of an 
adapted connection. Indeed, note that v'^'^'' can be alternatively given by 

V^^fe = ^([a,fe])+P,(b)(a) 

and (|5.9p becomes 

Bxi[a,b]A) = V^^©.(6) - V^^B,(a) +B[p^(,),,](a) -©[p^(,),,](&). 

In this form. Proposition 15.141 gives the infinitesimal counterpart of a result from char- 
acterizing (wide) multiplicative distributions in terms of their Spencer operators. In the 
general case, one seems to need the choice of an adapted connection to write individual 
terms on the right hand side of (|5.9p . although the whole expression on the right hand side 
does not depend on the choice of the connection. 

Appendix A. Dualization of VB-algebroids. 

Let {D; A, B; M) be a DVB and consider its horizontal p.lOp and vertical p.l2p duals. 
The vector bundles p™/ : D'^ C* and p^°J : Dg C* are dual to each other via the 
nondegenerate pairing ||-, -jl : D*^ Xc* Dg — > R given by 

(A.i) ||e,*|| :=(*,d)B-(e,d)^ 

where d € D is any element with q^{d) = Pa(0) and qg{d) = pb{^) [H]- The pairings 
on the right-hand side of (lA.lP are defined with respect to the fibers over B and over A, 
respectively. Henceforth, we identify the dual of D"^ — > C* with C* via the pairing 



Ve-ALGEBROID MORPHISMS AND REPRESENTATIONS UP TO HOMOTOPY 



21 



in (|A.1|) . Given a section : C* — > Z?^, we denote by £q G C°°{D'g) the function which is 
hnear with respect to the vector bundle structure Dg —5- C* and given by 

£g*(*) = ||e(p'-/(vi/)),M/||. 

In particular, for the core section G r(C*, Z?^) associated to some G T{B*), one gets by 
choosing d = 0^^(^) in jHl): 

(A.2) £5*=_£^opB. 
Also, for T G r(S* (g)C), 

(A.3) ef, = 

where T G T({B,D) and T* G rf(C*,£'^) are the linear sections (|3.3p corresponding to T 
and its dual T* G r(C* (g) B), respectively. 

We shall need one more formula (which follows directly from p.lip ) for c G r(C) and the 
corresponding core section c G T{B, D), namely 

(A.4) 4 = 4op^T. 

A.l. Duals of V,S-algebroids and representations up to homotopy. Assume now that 
{D ^ B;A-^ M) is a Vi3-algebroid. Then {D\ -^C*\A-^ M) has a natural VS-algebroid 
structure. The Lie algebroid structure on D\ C* is obtained by noticing that the linear 
Poisson structure on D'^ B associated to the Lie algebroid D ^ B \s also linear with 
respect to the vector bundle structure D*g — > C* 0. In particular, besides the usual formulas 

kxi:X2]D = {^Xi^^X2}d'^, Cp^i^^){f) opB = {£xJ opb}d'^, 

defining the Lie bracket [•, ■]d and the anchor pjj on D ^ B, for x,XijX2 "= ^iB,D) and 
/ G C°°{B), we have 

eiiie.]^,^={ielJel}Di, >Cp„. (e)(5) op^T = {^g*,g op^or}^., 

defining the Lie bracket [•, -Jd* and the anchor po*^ on D*^ C*, for 6, 61, 62 G T{C*,D\) 
and g G C°°(C*). We refer to [11] (see also [S') for more details. 

Our aim here is to prove that the representations up to homotopy associated to Z) — > _B and 
Z?^ C* are dual to each other. Let us first consider how horizontal lifts for (Z?; A, B\ M) 
and {D\;A,C*;M) are related. Let h : T{A) Ti{B,D) be a horizontal lift for D. There 
exists a corresponding horizontal lift : V{A) — > Tg{C*TD\) given as follows: take the 
decomposition G Dcc(Z?) associated to h by (|3.7p and consider the inverse of its dual over 
^1 {<^h)*A S Dec(Z)^). Set to be the horizontal lift corresponding to {crh)*A ^'^^ p.Sp . 
It is straightforward to check that 

(A.5) 4(a)=^^T(,)GC°°(Z?^) 

for every a G r(A). 

Let (9, V, K) be the structure operators of the representation up to homotopy C[o] © 
G Mep2(A) associated to {D,h) and (gvcr yvor^ ^vor^ ^^^g structure operators of the 
representation up to homotopy Z?jgj © Cj*^j G Mep^(A) associated to {D\,h^). The next 
result relates the two representations. 

Proposition A.l. The structure operators (()™r yvcr^ ^vcr-j (coincide with the structure 
operators (|2.5p of the representation (C[o] ©Z3[i])^ G Mep^(yl) dual to {d^'S/,K). 

^Let : i? A/ be a vector bundle. A Poisson bracket {■ , ■} on C°°{E) is linear if for all € r{E*) 
and /, /' £ C°°(M), the bracket {t^,l^i} is again linear, the bracket {q%f,q%f'} vanishes and {^{,<?J;/} 
is the puUback under qe of a function on M. This defines a Lie algebroid (E* — ^ M,p, [■,■]) by setting 
^l^,^'] •= {^^1^5'} a-nd lEi^p(i)f) '■~ {^5 1 ?£;/}■ Conversely, a Lie algebroid structure on E* defines a linear 
Poisson structure on E. 
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Proof. Let c e r(C) and V e T{B*). By (jH]), we have 

= {ll),d{c)) o (JB ops. 

Since opji?/ — qb ops, the equahty 9™"^ = 9* foUows. 

Let us prove the relation between the A-connections. By (|4.ip and (|4.2p together with 
(IA.2I) and (|A.5|) . one has that 



Similarly, 



^V™.-, Opho>^ = /:p,. (^T(,))(4) ophor ^ ophor}^. ^ {4(a), ^c}z?- 

Hence, we have verified the equality V™"^ = V*. 

It remains to compare the curvatures. For that, choose ai,a2 € T{A) and let K G ^i{B, D) 
and K^"^ £ Ti{C*,D\) be the linear sections corresponding to K{ai,a2) G T{B* ® C) 
and if™''(ai, 02) £ r(C* (g) B) respectively. First note that, by (|A.5p . 

^{^T(ai),/iT(a2)]oj^ = {CT(ai)'CT(a2)}^. ^ {^'^(il) ' 4(a2) } ^ hh{<^i)Mo-2)]D 

Therefore, by (|43l) and (|X3|) . we find 

^^^r = ^[^T(ai),/iT(a2)]^. _/iT([ai,a2]A) •^[/i(ai),/i(a2)]£,-/i([ai,a2]A) = % = 

This proves that K^" = -K*. □ 
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